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SUMMARY

The equivalent force control method uses feedback control to replace numerical iteration and solve the
nonlinear equation in a real-time hybrid simulation via the implicit integration method. During the real-time
hybrid simulation, a time delay typically reduces the accuracy of the test results and can even make the
system unstable. The outer-loop controller of the equivalent force control method can eliminate the effect
of a small time delay. However, when the actuator has a large delay, the accuracy of the test results is
reduced. The adaptive forward prediction method offers a solution to this problem. Thus, in this paper, the
adaptive polynomial-based forward prediction algorithm is combined with equivalent force control to
improve the test accuracy and stability. The new method is shown to give good stability properties for a
specimen with nonlinear stiffness by analyzing the location of the poles of the discrete transfer system.
Simulations with linear and nonlinear specimens are then presented to demonstrate the effectiveness of this
method. Finally, experimental results with a linear stiffness specimen and a magneto-rheological (MR)
damper are used to demonstrate that this method has better accuracy than the equivalent force control
method with non-adaptive delay compensation.

KEY WORDS: Equivalent force control; Adaptive polynomial-based forward prediction; Time delay;
Stability; Accuracy

1. INTRODUCTION
Real-time hybrid simulation (RTHS) divides a structure into two parts: the critical element is taken as an
experimental substructure, and the remainder of the structure is a numerical model in a computer. RTHS
can be used to test full-scale specimens and estimate the dynamic performance of a structure relatively
accurately [1-6].

The numerical integration algorithm is important for RTHS. The integration algorithm is typically either
an explicit integration algorithm [1,4-6] or an implicit algorithm [3]. Traditional explicit integration
algorithms [1] have conditional stability criteria. However, some explicit integration algorithms with
unconditional stability have been proposed recently [4-6]. For example, the LRST algorithm [5] has
unconditional stability for linear structures, which can be extended to nonlinear structures using a
calculation of the Jacobi matrix of the structure for each time step. The CR [6] and KR-a [4] methods have
unconditional stability for linear elastic and stiffness softening-type nonlinear systems. The implicit
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algorithm [3] is generally unconditionally stable but requires numerical iteration.

Wu et al. [7, 8] proposed the equivalent force control (EFC) method, which solves the nonlinear equation
of implicit integration via a so-called equivalent force feedback control to replace numerical iteration for
RTHS. It uses the proportional plus derivative (PD) control as an outer controller. The PD control has a
problem of steady-state error for nonlinear systems and the control system is easy to de-stabilize because of
noise in the equivalent force (EF) feedback. These problems can be solved by using a proportional plus
integral (PI) controller [9] or sliding mode control [10]. There is an equivalent force response delay in
RTHS, which has an effect equivalent to negative damping [11]. The traditional solution [7, 8] is to increase
the gain of the outer controller to cancel the time delay in the equivalent force response. However, a system
with high controller gain is easier to destabilize because of the noise in the force and displacement
responses. Thus, Shi et al. [12] used a Kalman filter to reduce the noise in the equivalent force response; as
a result, the control gain can be set sufficiently high to cancel the time delay using this method.

The time delay for large tonnage dynamic actuators is always typically in the region of 20-80 ms [9, 10].
To track the equivalent force command, the control gain typically needs to be set to a very large value such
that the magnitude plot M(w) of the open loop transfer function of the EFC system near the natural
frequency of the structure is a peak, thus resulting in greater susceptibility to instability [13]. To address
this limitation, this paper presents a method in which the time delay compensation is applied outside the
equivalent force control loop. As a result, the compensation is not affected by the noise in the equivalent
force response. To achieve this a polynomial-based forward prediction [14] is used to extrapolate the EF
command, which can be considered an expansion of the polynomial-based forward extrapolation [11, 15].
Because the delay time of the equivalent force response varies slightly depending on the excitation
frequency, amplitude and specimen nonlinearity [15], the adaptive algorithm proposed by Wallace et al. [14]
is used to tune the forward extrapolation parameters online. This method also has the advantage of being
suitable for nonlinear specimens, which is an important characteristic for hybrid testing.

In fact, the development of adaptive algorithms to identify the time delay in RTHS tests has been
considered by multiple other authors [16-21]. The adaptive polynomial-based forward prediction (AFP)
algorithm was first proposed by Wallace et al. [14] to improve the stability and accuracy of RTHS for
lightly damped systems [22]. Tu et al. [23] improved the AFP algorithm with respect to the settling
performance and numerical conditions. To guarantee the stability, appropriate limiting values for the
adaptive parameters k, and P are proposed in this paper.

Other time delay compensation approaches typically use an inverse model compensation to cancel the
dynamics of the transfer system, which are essentially implemented as a feedforward controller. They
model the actuator-specimen as a first-order [3, 24] or third-order [2] model, respectively. The virtual
coupling proposed by Christenson et al. [13] is a first-order inverse feedforward controller in essence,
which was achieved by using a virtual structure concept.

As a result of the nonlinearity in a specimen, the dynamic characteristics of the actuator may change
significantly. Thus, Philips et al. [25] proposed a new model-based servohydraulic tracking control method
including feedforward-feedback links to achieve accurate tracking of a desired displacement in real time,
which is a development of model-based compensation [2]. Moreover, Chen et al. [26] applied an adaptive
control scheme to a model-based feedforward-feedback controller to accommodate specimen nonlinearity.
The robust integrated actuator control proposed by Ou et al. [27] can also be considered a
feedforward-feedback link, in which the loop shaping feedback control based on Hoo optimization is used
as the feedback controller.

Liu et al. [28] used online delay estimation [15] to improve the performance of the model-based inverse
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compensation. Chen et al. [29] proposed a dual compensation scheme, which designs an outer loop
proportional controller to tune the inverse compensation procedure using the actuator tracking error. Chen
et al. [30, 31] also proposed an adaptive inverse compensation method, which uses a PI controller to tune
the inverse compensator using the tracking indicator (TT). The inverse compensation algorithms [3, 24-31]
can also be used to improve the performance of the EFC. The procedure and principle of the EFC combined
with the inverse compensation methods are similar to EFC combined with an AFP, which is not discussed
further due to limited space. The purpose of the paper is to demonstrate that using EFC combined with AFP
leads to a significant improvement in performance over EFC alone. Furthermore this combination also has
very good performance when the experimental specimen is strongly nonlinear.

This paper is arranged as follows: first, an introduction of the EFC is given. Second, the formulation of
the EFC combined with an AFP is described. Then, the stability and accuracy of this new method is
analyzed. Finally, numerical simulations and actual tests are described to demonstrate the performance of
this method.

2. OVERVIEW OF EFC
To study the equivalent force control method combined with an adaptive forward prediction (EFC-AFP),
the formulation of the EFC [7] is introduced first. The equation of motion for a real-time hybrid simulation
at step i+1 can be expressed in a time-discretized form as

M a +C v +RN (di+1)+RE(aHl’VHl’dHl):Fi+1 (l)

NTi+l N "i+l

where M and C are the mass and damping matrices, respectively, R is the restoring force vector,
d, v and a are the displacement, velocity and acceleration vectors of the structure, respectively,
and F is the excitation force vector. The subscript N denotes variables associated with the
numerical substructure, and the subscript E denotes variables associated with the experimental
substructure. It is assumed that the damping force is linearly proportional to the velocity and that
Rg is a function of the displacement, velocity and acceleration in general.

With the Newmark constant-average-acceleration method, the time-discretized equations of the

acceleration and velocity approximations are expressed as
2

4 At
a, = —-d, —Atv, ——a_ +d, 2)
i+l At2 ( i i 4 i z+1) (
2 2
Voy=———"d,-v,+—d, 3)
i+l At At 1 (
where At is the integration time interval. Substituting Equations (2) and (3) into (1) gives
Ry(d,)+Kppd,, +Re(a,,v,,.d,,) = FEQ,HI “4)
where
4M 2C
K, =—X+—X 5)
AT A
4M 4M 2C
F,. . =F +M.a + N+Cy )V, + N Mg, 6
EQ,i+1 i+1 N ( At N) i ( At2 At ) i ( )

where Kpp is called the pseudodynamic stiffness [7]. Fgq,+1 can be considered an equivalent
force command that consists of the external force and the pseudodynamic effect and depends only
on the previous step response. Equation (4) can be viewed as a hybrid dynamic equilibrium
condition [7].
Equation (4) can also be interpreted as representing a hybrid force control system [7], in which the force
3
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command is Fgq and the hybrid plant to be driven consists of the physical part Rg and the numerical parts
Kpp and Ry. Fig. 1 gives the control block diagram for a real-time hybrid simulation with an EFC. There
are two controllers in Fig. 1. The inner one is the traditional displacement controller of the
actuator-specimen system. The outer one is an EFC controller that is used to enforce the equilibrium
condition presented in (4). Because the inner loop is controlled in displacement mode, the equivalent force
error after regulation of the outer loop controller is transformed into a displacement command d°+,(?) by a
conversion matrix Cr. In this paper, CF:(KE+KN+KPD)_1, in which Kj and Ky are the initial stiffness of the
experimental and numerical substructure, respectively. If the equivalent force response tracks the
equivalent force command, the equilibrium condition given in (4) is satisfied, and the displacement
command d°;, is the correct solution for (4).

Frq.in €EQ,itl EFC Displacement o] Actuator
— +’(§i) ’ + Controller

4 - Controller -
dm,-ﬂ(r)l
Experimental
substructure
¢ >R
d (9
fi>
Feqim1(0)

Figure 1. Block diagram of the EFC [7].

This process is the same as the modified iterative procedure [32]. An EFC controller calculates u in
every sampling time step. The substep number is determined as k=At#/t;, in which ¢ is the sampling time
step. The sampling time step is 0.001 s for this system; the iteration numbers are the same as the substep
number. For example, when the time step Az is 0.01 s, the sampling time step £ is 0.001 s, and the iteration
numbers are k=At/t;=10. EFC tries to get the approximate exact solution of the nonlinear function
consistently with minimal error by designing the controller in an equivalent force control loop [8-10]. The
convergence criterion for the EFC method is the equivalent force error between the equivalent force
command and response. If the equivalent force error is equal to 0, convergence is assured. In actuality, the
equivalent force error can only be close to 0 because of control error. Thus, a correction to displacement
d;. is used, as shown in Equation (7). However, the convergence criteria cannot be satisfied in a time step
when there is large time delay. Thus, the AFP algorithm is used outside the equivalent force control loop to
compensate for the time delay and guarantee that the convergence criterion is satisfied. To ensure the
equilibrium of Equation (4), the displacement d;;; is updated [7] at the end of the time step, as described
below.

FEQ,i+1 - RE,iH

d, =—— 7
i+1 KPD+KN ( )

3. FORMULATION OF EFC COMBINED WITH AFP ALGORITHM

4
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The adaptive polynomial-based forward prediction algorithm was proposed by Wallace et al. [13] and is

used herein to compensate for the time delay in the equivalent force system, as shown in Fig. 2. It is located

outside the equivalent force control loop to compensate for the time delay of a RTHS test system. The

adaptive algorithm uses the EF error between the EF command and response to tune the adaptive

parameters P and k, in the forward prediction algorithm, as shown in Fig. 3. In this figure, there are three

controllers in the EFC combined with AFP algorithm. The innermost controller is the displacement

controller for the actuator, which is primarily to guarantee the stable displacement control for the

actuator-specimen system. The middle-loop controller is the equivalent force controller, which is mainly

used to guarantee the stable force control for the equivalent force control system. The outmost controller is

the AFP controller, which is finally to guarantee the equilibrium condition of the equivalent force system

shown as Equation (4) in spite of strong nonlinearity.

EQ’T Adaptive g’

EQ,i+1 EQ
m —>(+ )
F} b forward \

v

prediction

€

EFC u d,
Controller

Fm

dm

i+l

EQ,i+1

v
\r
w)

ar
1
- RE (ti+1)
Actuator P » 1
A
K

Figure 2. Block diagram of EFC combined with AFP algorithm.

[FEQ,i-n+2- - - FEQi+1] ap...a
Frq.in »| Buffer (n) Qrn h Polyfit (V) [ao N]>
Delay
PO | <
At
+
F. . Jol? }
EQs NN R P =P+ Gy,
= | 2
» » 5 P
B '@2::0;'+1:pi_aegQ,
dde A e 0, =0+ ey
IFEREN o
g T 001 =0, Py
+ CEQ.i
FmEQt

Reconstructor

2 a, (At(Py+p))

Figure 3. Block diagram of AFP algorithm [33].
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For prediction of the equivalent force command signal, we assume that the equivalent force can be
represented by a polynomial in 7 of order N with coefficients a; (=0, ..., N), given by

N
Foo=a,+at+--+ayt ®
when n data points are available, i.e.,
Frqin L
Foo, 1 ¢t - Y ||a
P e A | ©)
FEQJ'*’HZ 1 tiﬂHZ o ti]\fn+2 ay
Using a standard least-square method, the polynomial coefficient vector a= [aq, ..., ay]' can be obtained
as
-1
a=(X"X) X'F (10)
in which
1 0 0
1 ~At (-An)Y
X=|. . . . (11)
1 —(n=DAt - (=(n=DAt)"
where we assume #;,,=0 for simplicity and Feq=[Fgq i1, FEQ,is- - > F) EQJ_M]T.

The signal is predicted forward P multiplied by the time step such that the equivalent force command

gives
Flo=Fupa=[1 PAL -+ (PA)" a (12)
or
N .
Flo=>[a,(PAty ] (13)
=0

To account for the amplitude error, the predicted equivalent force command F'gq is modified to be
N .
’
Flo=kY[a,(PAt) ] (14)
=0

where k, is the amplitude compensation parameter (representing the ratio between the input EF command
and output EF response amplitudes).

The parameters P & k, in (14) are related to delay and amplitude error, respectively, which may vary
with time. To reflect the varying nature of these parameters, P and k, are represented as

P=F+p (15)

ka :ka0+a (16)

where Py & kg are the initial values and p & o are the varying parts of P & k,. In many cases, the delay
and amplitude error do not change very quickly; thus, we do not need to update them too frequently.

6
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Wallace et al. [14] proposed that p and o can be updated only in four triggered states, with
. y

Pra = P, Esign(e,)a ‘eEQ,i‘ (17)

I’ (18)

0, =0 Sign(eEQ,i)ﬁ‘eEQ,i

where a and £ are the adaptive gains, y is the convergence rate gain, the + sign depends on the triggered
states, and egq is the EF synchronization error. The parameter y controls the convergence rate; the larger it
is, the faster the convergence of P and £, is. The three gains in Equations (17) and (18) can be determined
via preliminary analysis (Section 5.2) or from test-based experience.

There are four trigger states, which are initiated by the equivalent force command because it is not
significantly affected by noise. At the initial stage, all of the states are zero; when one of the trigger states is
satisfied, that trigger state changes to 1, and the corresponding adaptive law will proceed. If all of them are
not satisfied, these triggers stay at zero and the adaptive parameters are kept constant. Equation (17) is
triggered only when the sign of Fgq,changes. The £ sign is positive when Fgq ;increases, and vice versa.

Equation (18) is triggered when Fgq, reaches a local maximum or minimum, or equivalently, FEQZ changes

its sign. The + sign is positive when Fy,; increases, and vice versa. We use a custom code in a Matlab

function of the Simulink model to build a zero crossing block. A local maximum/minimum is defined by
the zero crossing point of the equivalent force velocity and the change direction, e.g., a local maximum is
defined as the zero crossing point of the equivalent force velocity with the velocity changing from positive
to negative.

The required steps to implement the EFC-AFP method with an appropriate choice for the AFP parameters
P, k,, a, f and y are as follows:
1, Design the actuator controller and determine the displacement transfer function of the actuator-specimen
(shown in Figure 5) via an identification experiment.;
2, Design the equivalent force controller and conduct a predetermined equivalent force load test;
3, Conduct a test with no time delay compensation with small amplitude input.
4, Measure the time delay and amplitude error at the peak of the waveform,;
5, Set the initial values of P and k, based on step 3;
6, Set the limits for P and %, via discrete analysis and the transfer function (Section 4, Equations (19)-(42));
7, Determine the parameters a, f and y via preliminary analysis (according to Equations (17)-(18) and
Section 5.2) or from test-based experience;
8, Tune the parameters a, f and y to get the best compensation effect (according to Equations (17)-(18) and
Section 5.2).

4. STABILITY OF THE EFC COMBINED WITH AN AFP ALGORITHM
The time delay compensation methods can be viewed as a type of nonlinear control method; thus, its
stability is a key issue. Herein, the stability of the EFC combined with an AFP algorithm is analyzed by
considering the specimen nonlinearity. Other than some adaptive compensation algorithms [16-18, 21],
which use an adaptive algorithm to identify the model parameters, the AFP algorithm is an error-driven
adaptive feedback controller [34]. Additionally, because the adaption only occurs at the set trigger

conditions, i.e., @1, @4, the AFP algorithm is subject to a persistence of excitation [33] condition. For

AAAAA
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simplicity, the stability of the system for linear specimens is analyzed via a discrete transfer function
approach [35-38], supposing that the parameters P and k, are fixed. Then, the limiting values for the
adaptive parameters P and k, are set based on the results of a linear discrete transfer function approach
analysis. Then, the stability of this new method for a specimen with nonlinear stiffness is discussed. Two
types of nonlinear structural behavior are considered: stiffening and softening behavior. The
force-displacement (F- A ) relationship for idealized stiffening and softening structures is shown in Fig. 4.
For civil engineering structures, stiffening can occur in bridge structures with cables [35], whereas

softening is common in steel and concrete structures that undergo inelastic deformations.

F

A

Stiffening

Softening

0 A

Figure 4. Definition of stiffening and softening behavior.

For the purpose of developing the transfer function for the EFC-AFP method, the tangent stiffness of an
SDOF structure, represented by Equation (1), is assumed to be constant during the (i+1)th time step for a
small value of Af, whereby the restoring force for the (i-i-l)th time step can be expressed in terms of the
displacement response d" from the ()™ to (i+1)th time step, as follows:

REM :REJ +K, (dffl _dim) (19)

where K, is the tangent stiffness of the experimental substructure for the (i+1)th time step. Rg ;. from
Equation (19) is thus utilized in Equation (7) to represent R ;+; and therefore to define the transfer function.

The block diagram representation of RTHS with an EFC-AFP algorithm is shown in Figure 5, in which j
denotes the sub-step and & denotes the total number of sub-steps. The block servo-hydraulic actuator and
servo controller represents the actuator-specimen system and actuator controller, whose input and output
signals are the displacement (The detail is discussed in the end of Section 3).

) T
_ Numerical P AFP Feos Aok F* EQs d41()| Servo-hydraulic
Input | /. . . Ramp/Step \N/ EFC Actuator and
I > (JH Integration | F"gq 41| algorithm — Generator | + Controller +@» S
ol 2 Algorithm G(2) . c etrrv?l
Equivalent Fm,/'EQ il ontroZler
Restoring force .
force 71 At response Experimental d"i(t)
and Numerical
Substructure

Figure 5. Block diagram of RTHS with an EFC-AFP algorithm, EFC controller and transfer function of
actuator-specimen system.

For an SDOF structure, applying the discrete z-transform [39] to (6) and (7) yields
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aM aM,, 2C, . d
Fio(2)=F(2)+ M, a(Zz) +( AtN +CN)V(ZZ) +( AtzN + AtN) (2) (20)
F.,(2)-R.(2)
d — EQ E
(2) —KPD K, (21)

where z is the complex variable in the discrete z-domain; F(z), a(z), v(z), d(z), Re(z) and Fgo(z) are the
discrete z-transforms of the input excitation force, acceleration, velocity, displacement, restoring force and
equivalent force command, respectively.

Applying the discrete z-transform to (2) and (3) yields

_v(z)  2(z-1)
Gl = ) T Gaar 22)
a(z)  4z-1)

G = = 23

S TR R CyVE 2
Substituting Equations (21), (22) and (23) into Equation (20) gives
1 __G'(2)

FEQ (Z) - 1_ G!(Z) F(Z) 1_ G/(Z) RE (Z) (24)

The numerator and denominator coefficients of discrete transfer function G'(z) are tabulated in Table 1.

Table 1 Numerator and Denominator Coefficients of Discrete Transfer Function G'(z)

d, AM  +2C At + K (AL’ n, 0
d, 8M  +4C At +2K At n, 16M, +4C At
d, AM  +2C At + K (AL’ n, 4C At

According to Equation (14), the formulation of F'gq+; is a nonlinear function requiring the equivalent
force command Fgq 1, the order of polynomial N, the number of data », the prediction step P, and the
compensation parameter k,. It becomes a nonlinear time-invariant function if the polynomial parameters N
and n are determined. According to Equation (14), the discrete transfer function Gc(z) between the
equivalent force command Fgq and the prediction EF command F"gq and the formulations of F'gq 1 are
tabulated in Table 2.

Table 2 Formulation of F'gq,;+1 and Discrete Transfer Function G¢(z)

Polynomial Formulation of F'gq 1 Discrete transfer function Gc(z)
parameters
1
N=1,n=2 ka(1+P)F;EQ,i+1 _kaPFEQ,i ka(1+P)_kaP;
3, P 3, P

N=2.n=3 ka(l+5P+7)FEQJ+1 —k, (P +2P)Fy, ka(1+§P+ Y=k, (P’ +2P)l
z

2
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1, 1, P.1
+ka(EP ) EQ,i—-1 +ka(5P _5)?

For example, when the polynomial parameters of the AFP algorithm are set as n=2 and N=1, the
discrete transfer function G¢(z) is

Fio(2)  —k,P+k,(1+P)z

G.(2)=
(2) ) .

(25

The selection of a suitable interpolation function to generate EF commands is important with respect to
the resulting velocity and acceleration scheme. One simple choice is that the EF commands are constant
during the time step such that

Ffo ()= Flo,  iM<t<(i+ DAt (26)

Thus, the discrete transfer function between the modified EF command F°gg(z) and the prediction EF
command F'gg(z) is

FECQ(Z)
Flo(2)

For the actuator control-loop system in continuous time, the 2nd-order differential equation is used to

Gip(2) = @7

model the actuator
d™ +2&, 0,d™ + 0’d™ = 0’d* (28)

where d" and d° are the displacement response and command, respectively, and w, and &, are the model
parameters.

The PI controller is used as the EFC controller [9]. The sampling time step for the EFC controller is 0.001
s. From Fig. 1, the difference equations of the SDOF equivalent force control system can be obtained as

eEQzH = (Fg, EQ1+1 Fme) (29)
ixn+j
. 4 {
U, = KPe]JEQ,iH +K, Z E(eéo,m +e]]EQz+1)t (30)
1
dzcjl = C ut+l (31)
Fitli = d (Ko + K\ ) + RO+ AR (32)

Assuming the tangent stiffness of the experimental substructure is constant during a step leads to
ARli:n;erl =K, (d;ri’ll - diri’ljil) (33)

where K, is the tangent stiffness of the experimental substructure. For the sake of simplicity, the EFC
controller can be equivalent to a continuous system because of the small sampling time step

1=Ky + K, [ (Fy + Fy) (34)
10
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d®=Cuu (3%)
Feo, =d" (Ko + Ky)+ R (36)
R’ =Kd" 37)

Substituting Equations (28), (35), (36) and (37) into Equation (34) gives
bFiy+bFy=d™ +ad™ +a,d" +a,d" (38)

The coefficients of differential Equation (38) are expressed in terms of the structure and model parameters
MN, CN, KPD; Kt, CF, p, and CA in Table 3

Table 3 Coefficients of Differential Equation (38)

El 2é/Aa)A b2 CFa)/iKP
a, K,Cot0) (Ko + Ky +K )+ 0} b, K,C.o}
a, KICFwi(KPD—i_KN +K,)

According to (26), the EF function is constant during the time step. The EFC system (38) is discretized by
a zero-order-hold equivalent method [39] to get

|
1=~ |gm
[ zj (Z)_dm(z)_ Mz 4z 7,

G (2)= - == — -
£ (1_ i j Fo(2) Fio(z) dyZ’ +d,2* +d,z+d,

(39

where d"(z) and Fpo(z) are the discrete z-transforms of the displacement response and modified EF
command, respectively; #,, n,, 7, and a_’3 ey a_’o are the numerator and denominator coefficients of

Grq(z), respectively, and 2 and 3 are the order of the polynomial for the numerator and denominator,
respectively.
The discretized transfer function between the reaction force Ri(z) and the displacement response d"(z) is

( 1)
1-— R (2)
z RE(Z)
- K,
(1 ljdm(z) 4" (2)

z

Gy (2)= (40)

The closed loop block diagram of the EFC-AFP system is shown in Fig. 6.
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) Feq(2)
I Fo(2) Fe(2) d" (2)
F(iz) +»{1-G'(2) —»(Gc(2) Grpe(2) > G, (2) —l_’
- Gr(2)
& RE(Z)
1-G'(z) [«

Figure 6. Closed loop block diagram for the EFC-AFP algorithm.

For nonlinear structures, the closed loop transfer function [36] between F(z) and d"(z) shown in Fig. 6 can
be written in incremental form as

z—1 .
A"y 5 4O Ge(2)Gp ()G (2) "

G(z)= = =
O =%z = Fo) 0@+ G (EI0()G0 ()G ()
z

where the increments Ad"(z) and AF(z) are defined as Ad™(z)=d"i1(z)-d"(z) and AF(2)=F(2)-Fz),
respectively. The numerator and denominator coefficients for the discrete transfer function are expressed in
terms of structure parameters My, Cn, Kpp, K;, Cr and At.

When the specimen is linear, i.e., K; = K, the closed loop transfer function can be obtained as

_ d"(z) _ G (Z)GIP(Z)GEQ (2)
F(z) 1-G'(2)+G'(2)G, (2)Gro (2)Gy (2)

G(2) (42)
where the numerator and denominator coefficients for the discrete transfer function (42) are expressed in
terms of structure parameters My, Cn, Kpp, Kg, Cr and At.

The closed loop transfer function between the EF command and response can be written in incremental

form as

2=l
AFg(z) Tt (1-G'(2))Gc(2)Gyp (2) Gy (2)
AFEQ(Z) z-1 EQ(Z) 1-G'(2)+ GC(Z)GIP(Z)GEQ(Z)GR (2)G'(2)
z
where the increments AFpo(z) and AF"go(z) are defined as AFgpq(2)=Frq1(2)-Frqz) and
AFmEQ(Z):FmEQ’,'H(Z)-FmEQ’,'(Z), respectively.

The transfer function between the EF command and response can be written in incremental form as

G,(2)= (43)

-1 .

ARG o) Go(2)Gip (2)Giey (2) (44)

= =0 2)Up(2)0ga (2

AFy,(2) z-1 0(2) ¢
yA

Gy(2)=

When the poles of the characteristic function of the closed loop transfer function G(z) are all located
inside the unit circle, the test system is stable [35]. Because the adaptive parameters P and k, change during
the test, improper algorithm parameter design may produce unstable poles. If the actuator model is known
and the specimen is linear (Kg=Kj), a stable range for P and k, can be calculated. Furthermore, the limiting
values for the prediction parameter P and amplitude gain %, can be set according to the analysis. Then, the
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stability of this method for a nonlinear system is discussed.

For example, the parameters of an SDOF structure adopted for numerical simulations are: My=
6658.24x10° kg, Kx=131.43x10° Nm"', Kz=131.43x10° Nm", 3=0.05 and Cp=0, which result in a
structural period of 1 s. The parameters of the EFC controller and the AFP algorithm are Kp=0.1, K=80,
N=4, and n=5. The actuator transfer function model is 7Tp(s)=(11.41s7-8113.285+2.954x10°)
(s7+451.7357+62126 .95+ 2.956x10%) .

The maximum modulus of the poles of the characteristic function, i.e., (42), is defined as p. The stability
ranges for the parameters P and k, are shown in Fig. 7(a) and 7(b). Fig. 7(a) shows that there is a stability
limit for the parameter P because the max modulus of poles is larger than 1 when the parameter P is larger
or less than the constant values. The stability limit of P is affected by the parameter k, (e.g., the stability
range for P is reduced when the parameter k,=1.1908 rather than k,=1). From Fig. 7(b), it is also clear that
there is a stability limit for &,, which is affected by the parameter P. Note that the upper stability limit for &,
is very large when P=1.26 (the optimal value for P is 0.76 and the optimal parameter for %, is 0.9908)
because the overcompensation effectively adds additional damping. To ensure the stability of the system,
the limiting values for the parameters P and k, are, respectively, set as [0.26<P<:1.26] and
[0.7908 <k, < 1.1908].

When the SDOF structure develops nonlinear behavior, the stability of the EFC-AFP can be investigated
by analyzing the poles of the discrete transfer function [36] by systematically varying the structural
properties (Kg, K;) and the parameters P and k,. The stability limit is established for a selected set of values
for Kg, K, P, k,, and the time step At by assigning the magnitude of the poles to be 1.0. Fig. 7(c) shows the
results of the stability analysis of the EFC-AFP algorithm for four selected cases using different parameter
combinations of P and k,, i.e., [P, k,]=[0.26, 0.7908], [0.76, 0.9908], [0, 1] and [1.26, 1.1908]. In Fig. 7(c),
the stability limit for each case is expressed in terms of values of Q=w,*At as a function of a;. The
parameter o is the degree of nonlinearity in the structure and is the ratio K/Kg, while w, is the elastic
natural frequency of the SDOF structure. Fig. 7(c) shows that EFC-AFP has a finite stability limit when
0<a<1 and a¢>1, indicating that the system is conditionally stable. For each of the four cases in Fig. 7(c),
the EFC-AFP is shown to have a larger stability limit for a softening structure (i.e., when 0,<1) than that for
a stiffening structure (i.e., when a.>1). It can also be observed that EFC-AFP (the selected cases using the
parameters [P, k,]=[0.26, 0.7908], [0.76, 0.9908] and [1.26, 1.1908]) has a larger stability limit than the
EFC method (a selected case using the parameters [P, k,]=[0, 1]).

The algorithm is unconditionally stable when the experimental structure is perfectly plastic (i.e., a=0),
where the stability limit is at infinity (in Fig. 7(c), the value of w,*At is shown plotted to a value of 628950).
When the structure develops perfectly plastic behavior, the restoring force of the experiment is a constant
value during the time step, and when used in Equation (19), an accurate value of the predicted displacement
disy is achieved. Thus the stability of the system is the same as that of the Newmark
constant-average-acceleration method.

The relationship between the stiffness nonlinearity and system stability with @,=6.28 and A#=0.01 s is
shown in Fig. 7(d). As shown, the stability upper limit value of o, is 8.9 for the EFC. However, the stability
limit value of the EFC-AFP algorithm expands to 25.64. Thus, the EFC combined with an AFP algorithm
has better stability properties for stiffness compared to the EFC algorithm in this case.
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Figure 7. Stability of the EFC combined with an AFP. (a) Stability range for the parameter P; (b) Stability
range for the parameter k,; (c) Effect of a; on the stability limit of the EFC-AFP; (d) Stability range for the
parameter o;.

Because the effect of the parameters P and k, on the stability is coupled, to prove the stability of the
system with the adaptive parameters P and £, in the limiting range, the intensity plot of the stability of the
EFC combined with an AFP is shown in Fig. 8 for the linear structure. The z coordinate value is the
maximum modulus of the poles of the characteristic function (42). On the right side, a color bar shows the
value of z; the regions bounded by the red dashed box represent the bounded domain. Fig. 8 shows that the
system is always stable when the parameters &, and P are in the bounded domain (because the value of the
maximum modulus of the poles is smaller than 1). Thus, the stability of the system with k, and P in the
bounded domain is not affected by the adjustment of the parameters P and k,; however, the adaptive
parameters are varied either continuously or at four trigger conditions [14].
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Figure 8. Intensity plot of the stability of the EFC combined with AFP

The accuracy of the EFC-AFP system can be presented by using a Bode diagram [38] according to

Equation (44), which includes the EFC closed-loop system and AFP algorithm. Thus, the transfer function

between the EF command and response of the EFC-AFP algorithm is analyzed in the frequency domain, as

shown in Fig. 9.
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Figure 9. Bode diagram of the transfer function between the EF command and response of the EFC-AFP. (a)
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Amplitude characteristic of Bode; (b) Phase characteristic of Bode; (c) Amplitude characteristic of
closed-loop Bode; (d) Phase characteristic of closed-loop Bode.

Fig. 9 shows that the EFC-AFP algorithm can compensate for the dynamics of the system accurately in the
0-10 Hz frequency range. Moreover, the performance of the EFC-AFP algorithm with the limiting values
for the parameters P and k, is slightly superior to that of the AFP without compensation from the phase
characteristic. There is a resonance peak approximately 10 Hz for the EFC system; the AFP algorithm
cannot eliminate this characteristic because it depends on the inherent dynamics of the actuator. The closed
loop transfer functions of the EFC-AFP system from Equation (43) are shown in Figure 9(c) and 9(d).
From the figure, it can be observed that the AFP algorithm can add damping around the natural frequency
and can improve the phase characteristics of the closed-loop system.

5. NUMERICAL SIMULATION
5.1 Numerical simulation of RTHS with the stiffness specimen

Numerical simulations are conducted in the time domain with Matlab™

. The schematic diagram of the
SDOF structure, with a spring as an experimental substructure, is shown in Fig. 10. The tangent stiffness of
the spring, K, is related through K=o, Ky to the initial stiffness, Kg, which is used to determine the
displacement-force conversion factor Cg. The nonlinear specimen has a bilinear stiffness, with two linear

stiffnesses represented by the coefficients: =1 and =9, defining the stiffness curve (see Fig. 11(d)).

Experimental substructure

@) Q
Figure 10. The substructured SDOF system.

The other parameters are: My= 6658.24x10° kg, Kn=131.43x10°Nm'", and Kz=131.43x10° Nm'', which
result in a structural period of 1 s; {(§=0.05 and Cg=0. The third-order transfer function model of the
actuator-specimen system is used [10]: Tp(s)=(11.415>-8113.285+2.954x10°%)(s’+451.735*+62126 9s+
2.956x10°". The integration time interval Az is 0.01 s. The EFC controller parameters are Kp=0.1 and
K;=80. The adaptive forward prediction algorithm parameters are Py=0.76 and k,=0.9908 (they are close to
the optimal parameters P and k,), N=4, n=5, o=10", f=5x10"", and y=2. The limiting values for the
parameters P and k, are, respectively, set as [0.26<<P<.1.26] and [0.7908 <k, < 1.1908].

The displacement response and force-displacement relationship for the experimental substructure subject
to the El Centro (NS, 1940) earthquake, with a peak acceleration of 0.0125g, is shown in Fig. 11. Fig.
11(a-c) show that the seismic responses obtained by the EFC combined with an AFP algorithm match the
exact solution well. However, the responses of the EFC without delay compensation are unstable when the
initial stiffness is underestimated, as shown in Fig. 11(c). Note that the parameter o, is 9 in Fig. 11(d),
which is larger than 8.9, which was the limiting value for stability derived in Section 4.
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Figure 12. Displacement response for earthquake input. (a) Global map of displacement response

comparison; (b) Enlarged view of displacement response comparison.

When y is set as 3 and 5, the system is unstable because the parameters &, and P are increased to (1,17.08)
and (1,7.56x10'%), respectively, which are outside the stability range of the parameters P and k,. Because
the equivalent force error is larger than unity, the parameter y cannot be set too large. Fig. 12(b) reveals that
the greater the value of y, the faster the tuning process. Fig. 12(b) shows that the displacement response
with y=2 is the closest to the exact value of displacement. The parameter y is set as 2 in the subsequent
simulation and experiment. The displacement of the EFC-AFP algorithm with different £ is shown in Fig.
13.
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Figure 13. Displacement response for earthquake input. (a) Global map of displacement response

comparison; (b) Enlarged view of displacement response comparison.

Fig. 13 shows that the compensation effect is better when the value of § is larger.
The displacement of the EFC-AFP algorithm with different & is shown in Fig. 14.
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Figure 14. Displacement response for earthquake input. (a) Global map of displacement response
comparison; (b) Enlarged view of displacement response comparison.

Fig. 14 shows that the compensation effect is improved when the value of a is set larger. However, the

parameter a cannot be set too large, for example, the system will be unstable when the parameter o>10""*.

6. EXPERIMENTAL INVESTIGATION
For the hybrid simulation, we used a Simulink block to formulate a model and a dSPACE DS1104 R&D
Controller Board to implement in real time. The sampling frequency of the dSPACE digital controller was
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1000 Hz.

The schematic diagram of the SDOF structure, with a spring as an experimental substructure, is shown in
Fig. 10. Fig. 15 shows the substructured model set-up, along with the transfer system that imposes the
interface displacement on the physical substructure. A PI controller was used to control the actuator, with
controller gains kp=20 and £=0.15. For the EFC in this experimental study, an EFC controller with gains
Kp=1.8 and K=16 was adopted. Through system identification in some pre-tests, the spring was found to
have a stiffness of Kz=7912.6 Nm™' and a damping coefficient of ¢=0.6 Nsm™'. The parameters of the SDOF
structure were: My=400.857 kg, Kn=7912.6 Nm™, and (=0.02, resulting in a natural period of 1 s. The
integration interval At was 0.01 s. The hybrid simulation was carried out at the Bristol Laboratory for

Advanced Dynamics Engineering, University of Bristol.

‘B

Figure 15. Experimental set-up of substructured model.

The step responses of displacement and equivalent force are shown in Fig. 16 and 17, respectively. It can
be seen that the responses tracked the command well. The setting time for both displacement and

equivalent force was approximately 0.25 s.
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Figure 16. Step response of displacement Figure 17. Step response of equivalent force response

6.1 Spring specimen real-time hybrid simulation

The earthquake input equivalent force and displacement responses of the RTHS from EI Centro earthquake
excitation of 0.009g peak acceleration are shown in Fig. 18. In this case, the EFC controller gains are
Kp=1.6 and K=18; the displacement controller gains are k=20 and k=0.15; the AFP algorithm parameters
are N=3, n=5, Py=5.5, k,p=1.135, 0=9x107%, ﬁ=4.5><10'9, and y=2; the limiting values for the parameter P
are set as [-0.5 10.5]; the limiting values for the parameter £, are set as [0.935 1.335]. The EF response is
multiplied by 4.5 from the EFC for El Centro earthquake excitation with peak acceleration of 0.002g. The
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EFC controller gains are Kp=1.6 and K=18, and the displacement controller gains are k=20 and &=0.15.
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Figure 19. Adaptive parameter characteristics for Figure 16(a), (b). (a) Delay compensation adaption
characteristics; (b) Amplitude error adaption characteristics.

From Fig. 18(a-b), it can be seen that the equivalent force response tracked the command well at the end of
the time step. From Fig. 18(b), there are also some small errors in the peak EF, which are due to the large
deadzone region of the actuator when it changes direction. From Fig. 18(c-d), it can be seen that the
displacement response matched the exact solution well, although there are again small amplitude errors at
the peak when the displacement is small because the noise in the displacement responses has relatively
greater effect when the displacement response is small.

From Fig. 18(e), the equivalent force response of the EFC became unstable after some seconds because of
the large time-delay. Note that the equivalent force response obtained by the EFC is multiplied by 4.5,
which is the scale between the input signals of the two methods. It is clear that the equivalent force
responses of the EFC are remarkably different from the responses of the EFC combined with an AFP.
Because the input signals of the EFC are only 0.002g, its displacement response is nearly zero
(approximately 0.01 mm). Thus, the noise and time delay make the test responses have great error at the
beginning of the test. In summary, the EFC combined with an AFP gives significantly better accuracy than
the EFC.

The adaptive parameter characteristics for earthquake input are shown in Fig. 19. It can be seen that the
adaptive forward prediction and adaptive amplitude correction continue to adapt throughout the test period.

6.2 Magneto-rheological damper specimen real-time hybrid simulation

Physical substructure
S

O @)

Figure 20. The substructured SDOF system.

Actuator

Displacement sensor

21

Structural Control and Health Monitoring



OCoONOOOPR~WN =

http://mc.manuscriptcentral.com/stc

Figure 21. Experimental set-up of substructured model.

The structure to be emulated was an SDOF with My=720 kg, Kn=74400 Nm'l, and {5=0.02. The schematic
diagram of the structure is shown in Fig. 20. The natural period of the structure was 1.6179 s. The physical
part was a Magneto-rheological (MR) damper (RD-1005-3) produced by Lord Company; it was used as a
passive damper with zero drive voltage. The excitation to the structure was El Centro (NS, 1940), with
peak ground acceleration of 0.0625g. Fig. 21 shows the test set-up.

A proportional and feed forward controller was used to control the actuator, with controller gains of kp=22
and ks=1.08. For the equivalent force control in this real-time hybrid simulation, the EFC controller with
gains Kp=1, K=35 was adopted. The integration interval A¢ was 0.01 s for the hybrid simulation. To smooth
the actuator response, the equivalent force commands were interpolated linearly with time, and the sub-step
interval was 0.001 s [7].

Three cases were considered in the tests: without compensation, the AFP compensation, and fixed
compensation. The delay and amplitude error for the cases with fixed delay compensation were determined
using the results without compensation: the data at the peak equivalent force command were used to
determine the amplitude error, and the data at the zero equivalent force command closest to the peak were
used to obtain the time delay. Correspondingly, P=3 and k,=0.963 were obtained for fixed delay
compensation. For the AFP, the parameters were Py=3.5, k,c=0.924, 0=2.5x10", p=1.25x10"" and y=2.
Note that the initial values of P and k, were obtained from the data of fixed delay compensation. The
adaptive parameters, P and k,, were constrained within the ranges [-1.5, 8.5] and [0.724, 1.124],
respectively.

The equivalent force responses with an AFP algorithm, fixed compensation and without time delay
compensation are shown in Fig. 22(a) and 22(b). The equivalent force errors are shown in Fig. 22(c) and
Table 4. The force-displacement relationship for the MR damper during the test is shown in Fig. 23. Fig. 23
shows that the specimen has a clear nonlinear behavior. In Table 4, the maximum relative error, peak value
error and normalized root-mean-square of error are defined as

5 —— command: No compensation
3x10° - - —response:No compensation 3x10°4
~~~~~ command: fixed compensation
2x10° —-—- response:fixed compensation
= -- command: AFP =
< 5 | [ — Response:AFP §
g 1x10 .§ 2%10°A
bl -
= 0+ 5
X K]
= -1x10°7 g 1x10° 7 command: No compensation [ \
w . ) |- - - response:No compensation 3
-2x10° N command: fixed compensation| ‘\
// —-—- response:fixed compensation \
-3x10°- -- command: AFP N ‘\
045 )0 |-eeev FI{esponse:AFP . R \
T T T T
0 2 4 6 8 10 2.0 2.1 2.2 2.3
(a) Time(s) (b) Time(s)
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Figure 22. Comparison of responses with and without delay compensation. (a) Equivalent force response;
(b) Enlarged view of equivalent force response; (c¢) Equivalent force error.
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Figure 23. Force-displacement relationship of MR damper

Table 4 Equivalent force error comparison

Method Without Fixed delay Adaptive delay
compensation compensation compensation
Maxinum error 8.22x10* 3.89%10* 1.93%10°
exq(N)
Maximum relative error 244 129 6.1
e1 (%)
Peak value relative error 9 59 0.92
e (%)
The normalized RMS of error erms 9759 11.44 647
(%0)
o | maximum of e, | <100%
b |maximum of Iy, °
(45)
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|maximum of Fi, —maximum of FE°Q|
= x100%

e, =
? | maximum of FE°Q
(46)
1 N C m
NZFI (FEQ _FEQ)2
€rns = I ZN X x100%
N7 i (FECQ)
N @7)

where N is the number of data points during RTHS.

From Fig. 22(a-c), it can be seen that the equivalent force response tracked the command the best with an
AFP. The delay and amplitude errors are clearly seen in Fig. 22(b) for the case without time delay
compensation. The responses were improved with the fixed compensation, but a small overshoot could still
be seen. With an AFP, the response matched the command almost perfectly. The advantage of the AFP is
further revealed quantitatively from the data in Table 4.

7. CONCLUSION

The AFP algorithm is used to improve the performance of the EFC for real-time hybrid simulation. The
stability of this new method is studied by analyzing the pole locations in the discrete transfer function. The
limiting values for the adaptive parameters P and %, are set based on this analysis. The results show that the
stability limit of the new method for both stiffening and softening structures is larger than that of the EFC.
Numerical simulation results of RTHS with linear and stiffening specimens are presented. Simulation
results show that the AFP version has better stability and accuracy than the unmodified EFC. RTHS with a
linear stiffness spring specimen is conducted using seismic waves as the input. Test results indicate that the
AFP algorithm can adaptively compensate for the time delay of the equivalent force control system. Finally,
the experimental results with an MR damper specimen demonstrate that the EFC-AFP algorithm has better
accuracy than the unmodified EFC and EFC with fixed compensation when applied to a nonlinear
experimental structure.
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