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Abstract

The Smoothed Particle Hydrodynamics (SPH) method has proved to have great potentials in dealing with the wave-structure interactions.

Compared with the Weakly Compressible SPH (WCSPH) method, the ISPH approach solves the pressure by using the pressure Poisson equation

rather than the equation of state. This could provide a more stable and accurate pressure field that is important in the study of wave-structure

interactions. This paper improves the solid boundary treatment of ISPH by using a high accuracy Simplified Finite Difference Interpolation

(SFDI) scheme for the 2D wave-structure coupling problems, especially for free-moving structure. The proposed method is referred as the

ISPH_BS. The model improvement is demonstrated by the documented benchmark tests and laboratory experiment covering various wave-

structure interaction applications.

Copyright © 2017 Production and hosting by Elsevier B.V. on behalf of Society of Naval Architects of Korea. This is an open access article

under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

The research of wave action on structure has drawn wide

attentions, especially in the coastal and ocean engineering.

People have made numerous efforts in the study of moving

object in the waves, and proposed a variety of approaches to

investigate the interaction between the wave and the object.

From the simple Morrison formula to the advanced 3D Rey-

nolds-Averaged NaviereStokes equations (RANS) model (Lin

and Liu, 1998), the researchers have developed different

theoretical and numerical modelling approaches. The early

Boundary Element Method (BEM) based on the frequency

domain theorem could solve the motion of floating body in a

linear wave with sufficient accuracy. However, they could not

perform satisfactorily in the more complex and common

nonlinear wave field. To partially solve the problem, Faltinsen

(1977) proposed a mixed EulerianeLagrangian Boundary

Element method to investigate the interaction between the

wave and a rigid body, but could not capture the large defor-

mation of free surface under the wave breaking. Afterwards

the mesh-based NaviereStokes (NeS) numerical models have

been used to overcome the deficiency of previous approaches,

but they need additional tracking algorithm to describe the free

surface. Since these methods are based on a fixed Eulerian

grid, the treatment of free surface is complex in the violent

breaking waves and during the wave-structure interactions.

In the past two decades, the Smoothed Particle Hydrody-

namics (SPH) method has emerged as a promising mesh-free

Lagrangian modelling technique in many areas of solid and

fluid dynamics. Monaghan et al. (2003) used the WCSPH to
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investigate the water entry of a box travelling down the slope.

Najafi-Jilani and Rezaie-Mazyak (2011) used the SPH to study

the movement of a floating breakwater. Bouscasse et al. (2013)

modelled the interactions between a 2D box and a wave packet

by using the ghost-fluid technique on the solid surface.

Canelas et al. (2015) used the noise-free d-SPH on the un-

steady motion of bodies through a free surface. Jun et al.

(2015) carried out a comprehensive dynamic analysis of

floating body in the fluids combining the SPH with physical

experiment. Ren et al. (2015) used the WCSPH to analyse the

wave-induced motion of a freely floating body. In the latest

practical SPH applications, Rudman and Cleary (2016) studied

the impact of a rogue wave on the moored floating offshore

structure with a focus on the effect that different mooring

systems have on the platform. Besides, Gomez-Gesteira et al.

(2012) published the open source code SPHysics with case

examples on the waveefloat interaction. To improve the

pressure prediction, the Incompressible SPH (ISPH) method

has also been used in the wave-structure interactions with a

promising performance in the computational accuracy and

stability. For example, Asai et al. (2012) developed a stabilized

ISPH pressure solution with the eddy viscosity and relaxation

coefficient to calculate the free water entry of a falling object.

Liu et al. (2014) used the ISPH to simulate the coupled

structure interactions with a free surface flow based on an

improved mirror particle boundary. Gotoh et al. (2014)

developed an enhanced ISPH scheme to study the violent

sloshing flow based on a higher-order Laplacian and error

compensating source term. Aly et al. (2015) proposed a sta-

bilized ISPH pressure solution method with a density-invariant

relaxation condition to simulate the highly nonlinear liquid

sloshings. In addition, Ikari et al. (2011) used a Moving Par-

ticle Semi-implicit (MPS) method to predict the mooring

forces on a floating body. Further improvement on MPS has

been done by Lee et al. (2013) for the simulation of nonlinear

floating-body motions. The state-of-the-art review on the

projection-based particle methods and wave-structure in-

teractions has been provided by Gotoh and Khayyer (2016). It

should be mentioned that the pioneering work on waveefloat

interaction using the mesh-free particle modelling approach

should be attributed to Koshizuka et al. (1998).

Although the ISPH approach could predict better pressure

field than the WCSPH does, the numerical accuracy and ef-

ficiency could be compromised when the solid boundary is

complex for the wave-structure interaction especially with the

moving boundary. This is due to that the accurate imple-

mentation of boundary condition for the pressure Poisson

equation becomes more challenging. In order to improve the

kernel approximation near the solid boundary, many re-

searchers have made efforts. Liu et al. (1995) proposed the

reproducing kernel particle method to improve the accuracy of

particle approximations. Bonet and Lok (1999) introduced a

renormalized kernel function approach by use of a variational

framework. Dilts (1999) resorted to the moving-least-square

particle hydrodynamics. Quinlan et al. (2006) investigated

the effect of kernel functions and support domains with cor-

rected kernel approximations. Liu and Liu (2006) introduced a

consistent kernel approximation to improve the accuracy of

first-order derivative calculation. Oger et al. (2007) introduced

a Taylor SPH scheme towards higher-order convergence. Ma

(2008) introduced a Simplified Finite Difference Interpola-

tion (SFDI) scheme to improve the particle approximation

accuracy. Macia et al. (2011) carried out quite a few bench-

mark studies on the truncation error near the solid boundary.

The present paper proposes an improved solid boundary

treatment for the waveefloat interactions in the ISPH frame-

work. The numerical treatment is based on the SFDI scheme

originally developed by Sriram and Ma (2012) to increase the

stability of pressure gradient calculation in MLPG_R, which

was coupled with the ISPH solver for wave impact simulations

(Zheng et al., 2014, 2017). However, the potentials of SFDI

scheme have not been fully demonstrated in the wave-

structure and waveefloat interactions with the solid bound-

ary effect. In the present study, we will use both the bench-

mark tests and self-designed laboratory experiment to show

the promising performance of this technique in the SPH

application field.

2. Review of ISPH methodology

2.1. SPH equations and solution algorithms

The NaviereStokes equations are used to describe the fluid

motion. In the incompressible SPH method, the fluid density is

considered as a constant, and the mass and momentum con-

servation equations are written in the Lagrangian form as

V$u¼ 0 ð1Þ

Du

Dt
¼�

1

r
VPþ gþ n0V

2u ð2Þ

where r is the fluid density; u is the particle velocity; t is the

time; P is the particle pressure; g is the gravitational accel-

eration; and n0 is the kinematic viscosity. A two-step projec-

tion method is used to solve the velocity and pressure field

from Eqs. (1) and (2). The first step is the prediction of ve-

locity in the time domain without considering the pressure

term. The intermediate particle velocity u* and position r* are

obtained as

u* ¼ ut þDu* ð3Þ

Du* ¼
�

gþ n0V
2u
�

Dt ð4Þ

r* ¼ rt þ u*Dt ð5Þ

where ut and rt are the velocity and position at time t; Dt is the

time step; Du* is the velocity increment; and u* and r* are the

intermediate velocity and position.

The second step is the correction step, in which the pressure

term is added, and Du** is the correction of particle velocity as

Du** ¼ �
1

r
VPtþDtDt ð6Þ
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The following utþDt and rtþDt represent the velocity and

position of particle at the new time step, respectively.

utþDt ¼ u* þDu** ð7Þ

rtþDt ¼ rt þ
ut þ utþDt

2
Dt ð8Þ

Combining Eqs. (1) and (6), the following Poisson

Equation of Pressure (PPE) is obtained

V
2PtþDt ¼

rV$u*

Dt
ð9Þ

Similarly, Shao and Lo (2003) proposed a projection-based

incompressible approach by imposing the density invariance

on each particle, leading to

V$

�

1

r*
VPtþDt

�

¼
r0 � r*

r0Dt
2

ð10Þ

where r* is the density at the intermediate time step. Due to

r*/r0 being very close to the unity, we can reasonably neglect

their differences on the left and right-hand side of the de-

nominator in Eq. (10), and obtain the combined PPE with both

the divergence-free and density-invariance terms as

V
2PtþDt ¼ a

r� r*

Dt2
þ ða� 1Þ

rV$u*

Dt
ð11Þ

where a is a blending coefficient and a value of 0.01 is

adopted in this paper based on the previous computational

experiences. More in-depth study on the mixed PPE source

term could be found in Zhang et al. (2006), Asai et al. (2012),

Zheng et al. (2014) and Gui et al. (2015).

2.2. Calculation of spatial derivatives

The standard practice to calculate the gradient of pressure

and the divergence of velocity is through the following Eqs.

(12) and (13)

VPi ¼ ri

X

N

j¼1

mj

 

Pj

r2j
þ
Pi

r2i

!

ViW
��

�ri � rj
�

�;h
�

ð12Þ

V$ui ¼�
1

ri

X

N

j¼1

mjuij$ViW
��

�ri � rj
�

�;h
�

ð13Þ

where uij¼ ui� uj is defined as the velocity difference;m is the

particle mass; h is the kernel smoothing length; and i and j

indicate the reference and neighbouring particles, respectively.

ViW is the gradient of SPH kernel function and a 2D cubic spline

kernel is used in this paper. Here it should be noted that the

mirror particle strategy, which will be discussed later, should be

affected to some extent by the chosen kernel function.

The viscosity term in Eq. (2) adopts the following form

V$ðniVuiÞ¼
X

N

j¼1

4mj

 

niþ nj

riþrj

uij$rij

r2ijþh2

!

$ViW
�
�

�ri� rj
�

�;h
�

ð14Þ

where h
2 ¼ 0.01h2 is a small parameter to avoid the singu-

larity; and rij ¼ ri�rj is defined as the position difference. The

Laplacian term in Eqs. (10) or (11) can be discretisized by

combining the SPH gradient and divergence rules as

V$

�

1

r*
VPtþ1

�

¼
X

N

j¼1

mj

8
�

riþrj
�2

Pij$rij

r2ijþh2
$ViW

�

ri�rj;h
�

ð15Þ

where Pij ¼ Pi�Pj is defined as the pressure difference.

2.3. Free surface treatment

The kinematic free surface conditions can be automatically

satisfied due to the mesh-free nature of SPH approach. The

dynamic free surface conditions require a prescribed pressure

to be imposed on the surface particles, such as P ¼ 0. In the

WCSPH computation the free surface particles do not need to

be identified, since the pressure solution process is fully

explicit, while this is needed in ISPH. In this paper, we use the

three auxiliary functions combined with the ratio of particle

number density to identify the free surface particles in an

accurate way. More detailed implementation procedures can

be referred to Zheng et al. (2014).

2.4. Mirror particle strategy

The mirror particles are used to reduce the boundary errors

when we use the kernel approximation. This can also help to

prevent the particles from penetrating the solid wall. The way

to arrange the mirror particles and their implementation

remain almost the same whether the boundary is moving or

static. Here we use the standard mirror particle boundary by

Liu et al. (2014) as the reference (named as ISPH_T for short)

to compare with the improved boundary treatment in the

subsequent sections.

2.5. Floating body algorithm

The floater's motion follows the Newton's laws as

½M� _Uc ¼ F ð16Þ

½I� _U¼ N ð17Þ

dS

dt
¼ Uc ð18Þ

dq

dt
¼U ð19Þ

where F and N are the force and moment actions on the

floating body; Uc and _Uc are the translational velocity and

acceleration at the gravitational centre; U and _U are the

angular velocity and acceleration; q is the Eulerian angle; S is

the translational displacement; and [M] and [I] are the mass

and inertia matrices. Therefore, the velocity at a point on the

floater is determined by
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U ¼ Uc þ rb �U ð20Þ

where rb is the position vector to the gravitational centre.

In the SPH implementation, the following discretized

equations are used for the force and moment calculations

F¼
X

ns

k¼1

nkProot;kDxk ð21Þ

N ¼
X

ns

k¼1

rb;k � nkProot;kDxk ð22Þ

where Proot,k ¼ Pk is the pressure of boundary particle; k is the

segment ID; Dxk is the initial particle spacing; nk is the inner

normal direction of Dx on the boundary segment k; ns is the

number of segments; and rb,k is the vector length of Dxk
related to the centre of the object. The above pressure force

and moment integration procedures on the solid boundary of

the floater are shown in Fig. 1. Here it should be mentioned

again that the pioneering work on waveefloat interaction

using the mesh-free particle modelling approach should be

attributed to Koshizuka et al. (1998), where more details can

be found there.

3. Improved solid boundary treatment

In this section, we start with a step-by-step improvement on

the solid boundary treatment and propose the most accurate

model for the waveefloat interactions.

3.1. ISPH_TS scheme (SFDI used on pressure gradient

only)

In the traditional ISPH calculation of the pressure gradient

with the mirror particle approach, the computational results

are heavily affected by the particle distributions and the shape

of the solid boundary. To improve this, the first-order deriva-

tive of the pressure on the solid boundary was calculated by

the Simplified Finite Difference Interpolation (SFDI) method

originally by Sriram and Ma (2012) for their MLPG_R

approach. SFDI is a second-order accurate numerical scheme

based on the Taylor series expansions. In 2D case the key

formulas of the pressure derivative are

�

vP

vx

�

ri

¼
X

N

j¼1;jsi

ni;xmBij;xk � ni;xyBij;y

ni;x1ni;x2 � n2i;xy

�

P
�

rj
�

�PðriÞ
�

ð23Þ

�

vP

vy

�

ri

¼
X

N

j¼1;jsi

ni;x1Bij;y � ni;xyBij;x

ni;x1ni;x2 � n2i;xy

�

P
�

rj
�

�PðriÞ
�

ð24Þ

ni;xy ¼
X

N

j¼1;jsi

�

rj;xm � ri;xm
��

rj;xk � ri;xk
�

�

�rj � ri
�

�

2
W
��

�rj � ri
�

�

�

ð25Þ

Bij;xm ¼

�

rj;xm � ri;xm
�

�

�rj � ri
�

�

2
W
��

�rj � ri
�

�

�

ð26Þ

where m ¼ 1 and k ¼ 2 or m ¼ 2 and k ¼ 1 are used; N is the

number of particles affecting the particle i; x1 ¼ x and x2 ¼ y

are defined; and rj,xm is the component of position vector in x

(or y) direction. Before applying the above equations to the

solution of Eq. (11) in the next section, we first use them to

replace Eq. (12) and then substitute into Eq. (6) to examine the

numerical performance. This improved method is called

ISPH_TS for short.

3.2. ISPH_BS scheme (SFDI modification of PPE on

solid boundary)

In this section an idea of using the SFDI to treat the solid

boundary during the solution of PPE is explored. The particles

on the solid boundary should satisfy the pressure boundary

condition, which is represented by the following momentum

balance as

n$VP¼ r
�

n$g� n$ _U
�

ð27Þ

where n is the normal unit vector on the solid boundary. The

above equation can be used to replace the standard PPE Eq.

(10) on the solid boundary. The advantage of doing this is that

the second-order pressure derivative is avoided and replaced

by an exact first-order derivative, which can be more accu-

rately calculated by the SPH particles even with disordered

distributions. This should be able to maintain the pressure

stability on the complex solid boundaries. By using the SFDI

Eqs. (23e26), Eq. (27) can be rewritten as

As shown above, the numerical approach that uses Eq. (28)

to solve the pressure on the solid boundary rather than using

Eq. (11) is named as ISPH_BS for short. By adopting this

practice, there is no need to generate the mirror particles

outside of the solid boundary. This makes the ISPH compu-

tations more efficient and accurate.

Here there are two issues that need to be clarified. For the

ISPH_BS, there is no mirror (dummy) particle inside the

n:

(

X

N

j¼1;jsi

ni;x1Bij;y � ni;xyBij;x

ni;x1ni;x2 � n2i;xy

�

P
�

rj
�

�PðriÞ
�

þ
X

N

j¼1;jsi

ni;xmBij;x � ni;xyBij;y

ni;x1ni;x2 � n2i;xy

�

P
�

rj
�

�PðriÞ
�

)

¼ r
�

n$g� n$ _U
�

ð28Þ
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floating object. These dummy particles can help to calculate

the particle density in WCSPH, but in ISPH the density keeps

constant and the mass conservation is guaranteed by keeping

the particle number, which is not changed in the computations.

Therefore, there is no mass violation problem in the proposed

ISPH_BS. In addition, it should be noted that the PPE in

MLPG where the SFDI was originally adopted was discretized

with an integration form while in ISPH it takes a partial dif-

ferential form. However, this does not constitute an issue in the

coupling of the two. Because SFDI is just one kind of the first-

order derivative calculation methods, it can be easily adopted

by similar numerical algorithms. A few background works on

this have been documented to justify the compatibility be-

tween SFDI and SPH, such as by Zheng et al. (2014, 2017).

In summary, the key solution points of the improved SFDI

boundary model (named ISPH_BS) are provided in Table 1.

Besides, the proposed three ISPH models and their principles

are summarized in Table 2.

3.3. Comparisons between ISPH_T and ISPH_TS

Now we set up two benchmark model tests to compare the

modelling accuracy between ISPH_T and ISPH_TS as shown

in Table 2.

The first test is about the static water contained in a rect-

angular pool, where the numerical length is L ¼ 1.0 m and the

water depth is D ¼ 0.4 m. The origin of the coordinate system

is placed on the left corner of the pool bottom. The total

number of SPH particles used is 1440. The computational time

step is 0.001 s and the total simulation time is 10 s. Fig. 2

shows the comparison of the computed time-dependent pres-

sure gradient of the particle located at (0.5, 0.03) m, which is

at the middle of the pool near the bottom boundary.

Since the water is in a hydrostatic state, the theoretical

values of pressure gradient should be vp/vx ¼ 0 and vp/

vy ¼ �9.81. By using 10,000 sampling points along the time

axis in Fig. 2, the errors of ISPH_T are found to be 0.021 and

0.0073, respectively, for vp/vx and vp/vy. In comparison, the

errors are 0.0019 and 0.0014 only for the ISPH_TS

computations.

The second test also involves the static water in the same

water pool, but with a circular sphere being fixed on the free

surface at the centre of the tank at (0.5, 0.4) m. The radius of

the sphere is R ¼ 0.1 m with a weight of 15.707 g. Consistent

with the previous test case, the same spatial and temporal

resolutions are used in the ISPH computations. Fig. 3 shows

the comparison of computed time-dependent pressure gradient

of the particle located at position coordinate (0.5, 0.283) m,

which is slightly below the curve boundary of the sphere.

Similar error analysis indicated that the errors of ISPH_T are

0.0482 and 0.0352, respectively, for the pressure gradient in x

and y directions. In contrast, they are 0.0085 and 0.0024 for

the ISPH_TS computations. This shows that ISPH_TS is more

effective in reducing the numerical errors near the curved

boundary, as compared with ISPH_T.

3.4. Comparisons between ISPH_TS and ISPH_BS for

static problem

In this section, we use the same benchmark cases in Section

3.3 to compare the numerical performance between ISPH_TS

and ISPH_BS, to find out the best scheme to calculate the

pressure on the solid boundary.

For the first hydrostatic test, Fig. 4(a) shows the pressure

distributions along the flow depth at the centre line of the tank,

and Fig. 4(b) shows the time history of pressure at point (1,

0.05) m, which is located on the right tank wall at a distance of

0.05 m from the bottom. We find that although ISPH_TS can

Table 1

Key solution points of SFDI boundary model (ISPH_BS).

Particle type Treatment method

Free surface P ¼ 0

Inner fluid r*
PN

j¼1mj
8

ðriþrjÞ
2

Pij$rij

r2
ij
þh2

$ViWðri � rj; hÞ ¼ a
r�r*

Dt2
þ ða� 1Þ rV$u*

Dt

Solid wall
n$

(

PN

j¼1;jsi

ni;x1 Bij;y�ni;xyBij;x

ni;x1 ni;x2�n2
i;xy

½PðrjÞ � PðriÞ� þ
PN

j¼1;jsi

ni;xm Bij;x�ni;xyBij;y

ni;x1 ni;x2�n2
i;xy

½PðrjÞ � PðriÞ�

)

¼ rðn$g� n$ _UÞ

Table 2

Summary of three different ISPH numerical schemes.

Abbreviations Boundary treatment Equations used

ISPH_T Mirror particles Eq. (11) solved on inner and

boundary particles; Eq. (12)

used on inner particles

ISPH_TS Mirror particles Eq. (11) solved on inner and

boundary particles; Eqs. (23e26)

used on inner particles

ISPH_BS No mirror particles Eq. (11) solved on inner particles;

Eq. (28) solved on boundary

particles; Eqs. (23e26) used on

inner particles

Fig. 1. Pressure force and moment integration procedure on the floater's

boundary.
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provide good pressure predictions away from the solid wall,

the computed pressure on the boundary is not very accurate. In

contrast, ISPH_BS computation shows the robustness due to

the use of a higher-order SFDI scheme for the pressure solu-

tion. An analysis found that the numerical error of the

ISPH_BS computations is only 1% of that of the ISPH_TS

results and also the former saves the CPU time by around

25%.

For the next test on a circular sphere being fixed on the sur-

face of still water, Fig. 5(a) and (b) shows the particle snapshot

with pressure contour computed by the ISPH_TS and ISPH_BS,

respectively. It indicates that the free surface particles near the

Fig. 2. Comparisons of time-dependent pressure gradient between ISPH_T and ISPH_TS for static water test: (a) vp/vx; and (b) vp/vy.

Fig. 3. Comparisons of time-dependent pressure gradient between ISPH_T and ISPH_TS for circular sphere fixed on static water surface: (a) vp/vx; and (b) vp/vy.
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Fig. 4. (a) Pressure distribution along the flow depth. (b) Time history of pressure on right wall.
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curved boundary computed by ISPH_TS demonstrate some

unstable patterns of clustering and gaping, while very orderly

particle configurations are achieved by ISPH_BS. Fig. 6(a)

shows the pressure distribution of the particles along the solid

boundary of the sphere from point (0.5, 0.3) m to (0.6, 0.4) m, in

which the pressure distributions calculated by ISPH_BS have a

good agreement with the theoretical results, while the ISPH_TS

computations demonstrate relatively large errors. Fig. 6(b)

shows the time history of pressure computed at point (0.5, 0.3)m

just on the lower curve boundary at the centre of the tank. Again

the results show that the pressure calculated by ISPH_BS is

much more stable and accurate than that calculated by

ISPH_TS. For the numerical error and CPU efficiency, the

ISPH_BS can reduce the error by 75% and save the CPU time by

20%. The reason for this is that the ISPH_TS method uses the

mirror particles to treat the sphere boundary, and the mirror

particles are difficult to arrange due to the boundary curvature.

Therefore, the spacing of mirror particles becomes smaller than

the inner particle spacing Dx and their densities increase

accordingly. Since ISPH_TS uses Eq. (11) to solve the pressure

on the boundary as well, the value ofV,u* is strongly influenced

by themirror particles near the curve boundary and the accuracy

of boundary pressure calculations is degraded. On the other

hand, ISPH_BS method uses Eq. (28) to solve the boundary

particle pressure, so it is free of using the mirror particles. Be-

sides, it uses the high-accuracy SFDI scheme to calculate the

pressure of particles. These have also reduced the kernel trun-

cation effect on the solid boundary.

Here some additional discussions are needed to explain the

particle distribution issues near the curved sphere boundary.

First it should be noted that the measures of kernel function

could also play an important role in this according to the study

of Oger et al. (2007). Secondly, the unified semi-analytical

boundary as proposed by Leroy et al. (2014) could also

effectively improve the complex solid boundary treatment,

although its numerical accuracy was found to be slightly lower

than the present SFDI scheme used in ISPH_BS. Finally, the

issue with difficulties in placing the ghost particles near the

curved boundaries has been researched significantly. For

WCSPH, the following benchmark works have been docu-

mented, such as the mirror particles of Takeda et al. (1994),

fixed ghost particles of Marrone et al. (2011, 2013), and mirror

particles with the local force balance of Adami et al. (2012).

For ISPH, there are widely adopted multiple boundary tangent

technique (MBTT) of Yildiz et al. (2009) and Shadloo et al.

(2011). Most of these works deal with the WCSPH model-

ling approach while the solid boundary treatment is quite

different in ISPH especially when solving the PPE with a free

surface boundary. The ISPH based MBTT has been tested on

relatively simple geometries but not easily applicable to more

complex ship or aircraft boundaries. In this sense, the pro-

posed SFDI used in ISPH_BS provides an accurate scheme to

Fig. 5. Particle snapshot with pressure contour computed by (a) ISPH_TS; and (b) ISPH_BS.
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Fig. 6. (a) Pressure distribution along the flow depth on right of sphere. (b) Time history of pressure on lower sphere boundary.
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be coupled with the ISPH solver. It is much more straight-

forward and also mirror particle free on the solid boundary.

Therefore, more accurate implementation of the pressure

boundary condition is achievable.

To conclude the static test and further explore the numerical

performance of ISPH_TS and ISPH_BS, a mini-tank is used

with L ¼ 1.0 m long and the water depth D ¼ 0.4 m, with the

coordinate origin being located on the left corner of the tank

bottom. To examine the pressure calculations near the solid

boundary, we consider pressure Pi,b at the middle of tank

bottom, and Piþ1,f, which is the pressure of an inner fluid

particle just above the location of Pi,b at a distance of Dy, as

shown in Fig. 7(a) or (b). In ISPH_TS approach as illustrated

in Fig. 7(a), the pressure of solid boundary particle Pi,b is

solved by Eq. (11), and the ghost particles are added to satisfy

the pressure gradient condition at the solid boundary by
vP
vx
nx þ

vP
vy
ny ¼ rðn$g� n$ _UÞ. Under the hydrostatic state with

only the influence of gravity, this condition can be simplified

as Pb � Pg ¼ �rgðyb � ygÞ, where Pb and Pg are the pressure

of solid boundary and ghost particles, respectively. The kernel

support domain of Eq. (11) used by the ISPH_TS is 2.0Dx, so

two layers of the ghost particles are added as shown in

Fig. 7(a). In this sense, the ghost particles contribute to the

boundary condition, while the nearby fluid particles are solved

by Eq. (11). On the other hand, as shown in Fig. 7(b), the solid

boundary particles are solved by Eq. (28) in the ISPH_BS

using SFDI without the need of any ghost particles. To

maintain the high accuracy of the SFDI scheme, the kernel

support domain near the solid boundary is expanded to 4.0Dx.

To show the improvement of ISPH_BS over ISPH_TS, the

pressure difference of Pi,b � Piþ1,f is monitored with the time.

By using a vertical particle spacing of Dy ¼ 1/60 m, Fig. 7(c)

gives the comparison of pressure time history of Pi,b � Piþ1,f

computed by ISPH_TS and ISPH_BS, along with the analyt-

ical value of 0.16 KPa obtained from the hydrostatic law.

Again, it shows that the pressure calculations on the solid

boundary are well predicted by ISPH_BS, while relatively

large errors are found in ISPH_TS.

3.5. Comparisons between ISPH_TS and ISPH_BS for

dynamic problem

To examine the superiority of ISPH_BS in solving the pres-

sure of moving solid boundary, another test case is used as

shown in Fig. 8, in which a floating box is initially placed on the

still water surface. The length of the water tank is L ¼ 3 m and

the flow depth is D ¼ 0.4 m. The floating box is homogeneous

and its centre is fixed at point (1.5, 0.4)m. The initial angle of the

Fig. 7. Solid boundary treatment and pressure calculations for ISPH_TS and

ISPH_BS. (a) Solid boundary treatment in ISPH_TS. (b) Solid boundary

treatment in ISPH_BS. (c) Pressure time history of Pi,b�Piþ1,f.
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Fig. 8. Floating object on water surface with an inclination angle.
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inclination isC¼�11.5� (counter-clockwise is defined as being

positive). The dimension of the box isW¼ 0.2 m and B¼ 0.3 m,

and the density of the box is equal to that of the water. The ISPH

computational particle spacing is Dx ¼ 0.005 m. After the

release of the floating box from its original position, it starts to

oscillate under the action of the gravity and eventually stabilizes

at a balanced position due to the viscous dissipation. Both

ISPH_TS and ISPH_BS methods are used to calculate the

rolling process and the angle variations are compared with the

experimental data (Ren et al., 2015).

Fig. 9 shows the time history of rolling angle computed by

ISPH_TS and ISPH_BS, which again shows the latter is more

accurate since it provides much better agreement with the

experiment data on the time-dependent rolling process. The

mean error between the ISPH_BS computations and experi-

mental data is 0.0154, as compared with 0.0264 for the

ISPH_TS. As the rolling angle of the object is associated with

the pressure on the boundary, it implies ISPH_BS is more

promising in dealing with the moving boundary as well.

To investigate the convergence of the model, additional two

particle spacings are used to run the same case, i.e.

Dx ¼ 0.01 m and 0.02 m, as compared with the original

Dx ¼ 0.005 m. The time histories of rolling angle are shown in

Fig. 10(a) and (b), respectively, for the ISPH_BS and

ISPH_TS computations. It can be seen that the computation

made with Dx ¼ 0.005 m has the best agreement with the

experimental data for both models. Besides, ISPH_BS dem-

onstrates much more promising convergence behaviour than

the ISPH_TS, since the former achieved better match with the

experimental data even with particle size Dx ¼ 0.01 m. The

robustness of ISPH_BS can be further supported by the error

analysis as shown in Fig. 11, where the relationship between

the numerical errors and particle numbers is plotted on a

logarithmic scale. The error of roll motion can be determined

by Err ¼ j
Pncal

i¼1 fiðti � ti�1Þ �
Pnexp

k¼1 fkðtk � tk�1Þj=j
Pnexp

k¼1 fk
ðtk � tk�1Þj, where f is the value of roll motion, ncal is the

Fig. 9. Time history of rolling angle computed by ISPH_TS and ISPH_BS,

compared with experimental data of Ren et al. (2015).

Fig. 10. Time history of rolling angles computed with three different particle

spacings by using (a) ISPH_BS; and (b) ISPH_TS.
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Fig. 11. Relationship of numerical error with particle number for two ISPH

schemes.
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result number of calculation, nexp is the result number of

experimental data.

However, it should be cautioned that the adoption of SFDI

in SPH could make the study on convergence highly complex

and thus the convergence should be examined with respect to

the smoothing length as well, apart from the particle spacing.

For this purpose we study different kernel smoothing lengths

and test their influence on the simulation results, by using

h ¼ 0.6e1.6Dx for ISPH_BS only. The results are shown in

Fig. 12(a) for the time history of rolling angles of the float and

Fig. 12(b) for the numerical errors with the smoothing length.

It is found that the best performance happens around where

h ¼ 1.0Dx and the numerical errors increase towards either

very small or very large h. More in-depth studies on the

smoothing length convergence can be found in Quinlan et al.

(2006).

Although SFDI is a highly accurate first-order derivative

calculation method, its accuracy near the solid boundary

under non-uniform particle distributions is more or less

around first-order level, according to the latest research by

Zheng et al. (2017). In this sense, SFDI could be regarded to

have the same rate of convergence as the other SPH

approximation methods so a direct comparison can be made

for the ISPH_BS. Here an accuracy study on the different

ghost/mirror particle techniques as found in Macia et al.

(2011) is made, and compared with the SFDI in ISPH_BS.

The test involves the particles being arranged in a square

domain of 1.0 m by 1.0 m with uniform particle distributions.

Different particle sizes Dx are used, i.e. 0.02 m, 0.01667 m,

0.0125 m, 0.01 m, 0.0083 m and 0.00667 m, respectively. For

an analytical function f ¼ exp(x þ y), consider a location on

the centre of the bottom boundary at (x,y) ¼ (0.5, 0.0) and

calculate vf/vx by using four mirroring models in Macia et al.

(2011) and SFDI for the alternative particle sizes. Fig. 13

gives the convergence test of errors with Dx for different

boundary treatment methods, where SFDI once again shows

the most promising performance.

To conclude the dynamic test and finally explore the nu-

merical performance of ISPH_TS and ISPH_BS, a benchmark

test of moving body application is carried out to check the

pressure calculations near the solid boundary. The dimension

of the mini-tank is of the length L ¼ 1.0 m and water depth

D ¼ 0.4 m. There is a square box initially situated on the free

water surface with side length Lb ¼ 0.2 m, and its gravity

centre is just on the surface line. The box is subjected to a

forced motion in the vertical direction described by

y ¼ 4sin(ut), where u ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

g=ð2DÞ
p

is defined. So the vertical

acceleration of the box can be determined by

ay ¼ �4
2
usin(ut). A schematic diagram of the mini-tank and

the moving box is shown in Fig. 14(a).

By considering the gravity effect only, the pressure dif-

ference between the solid boundary particle on the mid-

bottom of the moving box and the downward fluid particle

is calculated by Pi,b � Pi�1,f ¼ rgDy þ ay, where Pi�1,f in-

dicates the location just under the centre of the box bottom

with a prescribed distance of Dy ¼ 1/60 m. Since the position

of Pi�1,f always changes following the box motion, the

pressure value of Pi�1,f can only be determined by using the

kernel approximation. Fig. 14(b) gives the comparisons of

time history of pressure Pi,b�Pi�1,f for the forced motion

computed by ISPH_TS and ISPH_BS. Although both nu-

merical results demonstrate some kinds of error when

comparing with the theoretical values calculated by

Pi,b � Pi�1,f ¼ rgDy � f
2
usin(ut), ISPH_BS achieved much

more favourable results.

Since extensive comparisons have been made on the

different ISPH solution schemes, in the next two sections of

the model application, only the most promising ISPH_BS

model is used for the computations.

4. Model validations in wave-structure interactions

4.1. Wave interaction with a fixed structure

The computation in this section is based on the study of

Ren et al. (2015). The numerical wave tank is 10 m long and

1.8 m high with the water depth of 1.2 m. A fixed rectangular

box is placed on the water surface and partially immersed,

with the centroid being located at point (4.6 m, 1.2 m). The

length of the box is 0.8 m and the height is 0.4 m. The nu-

merical damping zone is set from a distance of 3 m away from

the right boundary to absorb the outgoing waves. A schematic

setup of the numerical wave flume is shown in Fig. 15.

In the ISPH model setup, there are 19,200 fluid particles

and 514 boundary particles. Two wave conditions are

Fig. 12. (a) Time history of rolling angles computed with different kernel

smoothing lengths by ISPH_BS. (b) Relationship of numerical error with

smoothing length for ISPH_BS.
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considered: in the first condition the wave height is

H ¼ 0.06 m and wave period is T ¼ 1.2 s. In this case the wave

can be considered as a linear wave; in the second condition,

the wave period keeps the same but the wave height increases

to H ¼ 0.2. In this case the relative wave height reaches 0.089

so the linear wave theory does not hold. The ISPH_BS model

is used to calculate the horizontal wave force (Fx), vertical

wave force (Fy) and overturning moment (M ). These are

compared with the dynamic boundary particles SPH

(DBPs_SPH) results (Ren et al., 2015) based on the WCSPH

and the analytical results using the frequency domain analysis

(Mei and Black, 1969). The ISPH_BS computational results

are shown in Figs. 16e18 for the three different wave loading

parameters. It shows that a very satisfactory agreement has

been found in the linear waves, while larger discrepancies

appear in the nonlinear ones.

To quantify the accuracy of ISPH_BS model, only the

linear wave results are analyzed because the analytical results

in nonlinear waves are not sufficiently accurate. Here the mean

error is evaluated between the ISPH_BS and analytical results,

and compared with the error of DBPs_SPH results of Ren

et al. (2015). It has been found that both numerical results

could achieve satisfactory match with the analytical ones of

Mei and Black (1969), but the ISPH_BS predicted four-time

smaller error than the DBPs_SPH in the vertical forces and

overturning moments. On the other hand, while calculating the

horizontal forces the DBPs_SPH computations achieved twice

smaller error. However, considering the fact that ISPH_BS

used a particle size of 0.02 m as compared with 0.01 m used

by DBPs_SPH, the present model seems to be quite promising.

4.2. Wave interaction with a floating structure

In this section we consider the wave interaction with a

floating structure, by following the experimental and numeri-

cal works of Ren et al. (2015). The general layout of the nu-

merical wave tank is the same as shown in Fig. 15, except that

the depth of water is changed to 0.4 m and the rectangular

object is allowed to move. The length of the movable box is

0.3 m and its height is 0.2 m. The initial position of the

centroid of the box is placed at (2.0 m, 0.4 m) and the box can

have the swaying, heaving and rolling motions with three-

degree freedom. Following Ren et al. (2015), the following

Fig. 13. Convergence test of errors with Dx for different mirroring models in Macia et al. (2011) and SFDI near solid boundary.

Fig. 14. (a) Schematic diagram of mini-tank and moving box with forced

motion. (b) Time history of pressure Pi,b�Pi�1,f computed by ISPH_TS and

ISPH_BS for forced box motion.
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two wave conditions are examined: H ¼ 0.04 m with

T ¼ 1.2 s; and H ¼ 0.1 m with T ¼ 1.2 s. The former cor-

responds to a linear wave while the latter demonstrates strong

nonlinear feature. The computational particle size is taken as

Dx ¼ 0.005 m in all the ISPH_BS computations. Figs. 19e21

show the time histories of different motion modes of the

floating box under two wave conditions. Meanwhile, the

experimental data and DBPs_SPH results (WCSPH) of Ren

et al. (2015) are shown for a comparison. Generally it shows

the ISPH_BS computations achieve better agreement with the

experimental data as compared with the DBPs_SPH results,

especially for the larger amplitude waves.

4.6m 3m
10m

1
.2

m

2
m

0.8m

0
.4

m

Wavemaker

Damping Zone

Fig. 15. Numerical wave flume for wave interaction with a fixed structure.

(a)         (b)

Fig. 16. Horizontal force: (a) linear wave; and (b) nonlinear wave (Red: analytical results of Mei & Black; Green: WCSPH of Ren et al.; Black: ISPH_BS).

Fig. 17. Vertical force: (a) linear wave; and (b) nonlinear wave (Red: analytical results of Mei & Black; Green: WCSPH of Ren et al.; Black: ISPH_BS).

Fig. 18. Overturning moment: (a) linear wave; and (b) nonlinear wave (Red: analytical results of Mei & Black; Green: WCSPH of Ren et al.; Black: ISPH_BS).
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The mean errors between the numerical results and

experimental data are shown in Table 3 for the two wave

conditions, three structure motion modes and two SPH

computations. Once again it proves that the results calculated

by ISPH_BS are much more encouraging than those calcu-

lated by DBPs_SPH for either the linear or nonlinear wave

conditions.

For illustration, Fig. 22 shows the float motion under the

wave within one wave period. The ISPH_BS computations

(left) are compared with the experimental photos (right, Ren

et al., 2015) for the larger wave height, i.e. H ¼ 0.1 m and

wave period T ¼ 1.2 s. A satisfactory agreement with the

experiment on the wave shape and float movement is

demonstrated at each time instant.

5. Green water impact on a floating deck

Severe marine environment could generate the green water

and lead to the intense rocking motion of the ships. Strong

impact loads from the green water could bring tremendous

damages to the deck equipment and the superstructure, which

influence the safe navigation. The conventional grid models

are insufficient to reproduce the entire process of green water
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Fig. 19. Swaying motion: (a) linear wave; and (b) nonlinear wave (Red: experimental data; Green: WCSPH of Ren et al.; Black: ISPH_BS).
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Fig. 20. Heaving motion: (a) linear wave; and (b) nonlinear wave (Red: experimental data; Green: WCSPH of Ren et al.; Black: ISPH_BS).

Fig. 21. Rolling motion: (a) linear wave; and (b) nonlinear wave (Red: experimental data; Green: WCSPH of Ren et al.; Black: ISPH_BS).

Table 3

Mean errors between numerical results and experimental data.

Linear wave Nonlinear wave

DBPs_SPH ISPH_BS DBPs_SPH ISPH_BS

Swaying motion 2.93e-04 1.52e-04 4.65e-04 1.49e-04

Heaving motion 6.82e-04 6.79e-04 9.92e-05 6.65e-05

Rolling motion 5.55e-04 3.21e-04 1.55e-04 1.17e-04

13X. Zheng et al. / International Journal of Naval Architecture and Ocean Engineering xx (2017) 1e19

+ MODEL

Please cite this article in press as: Zheng, X., et al., An improved solid boundary treatment for waveefloat interactions using ISPH method, International Journal

of Naval Architecture and Ocean Engineering (2017), http://dx.doi.org/10.1016/j.ijnaoe.2017.08.001



overtopping due to the nonlinear wave surface deformation

and breaking. Since the proposed ISPH_BS method has the

advantage in capturing the free surface and solving the pres-

sure on the solid boundary, it is used in this section to simulate

the green water impact on a 2D deck. To complement the

numerical work, a physical experiment has been carried out in

Harbin Engineering University. Measurements on the water

surface, impact pressure and motion trajectory of the floating

object has been taken.

5.1. Physical experiment

The test used a ship-shape as the object, to visualize the

green water overtopping and impact on the deck in a practical

sense. The physical model is a simplified version, and the

main body is made of the glass fibre reinforced plastic. It is a

box type of the floating structure, and the upper layer of the

deck is also a rectangular structure. In order to generate suf-

ficient overtopping, the test model is designed with a low

Fig. 22. Float motion under the wave computed by ISPH_BS (left), compared with the experimental photos (right) at time: (a) t ¼ t0; (b) t ¼ t0 þ T/4; (c) t ¼ t0 þ T/

2; (d) t ¼ t0 þ 3T/4; (e) t ¼ t0 þ T; and (f) t ¼ t0 þ 1.09T.
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freeboard. The basic parameters of the deck model are given in

Table 4. The schematic view is shown in Fig. 23(a) and (b)

shows the locations of pressure measurement during the

experiment. One pressure sensor is used to measure the

pressure of inside deck and this is installed on the deck 0.05 m

away from the upper vertical plate. Another sensor is installed

on the waterline position.

The physical model test is carried out in a 30 m long, 0.8 m

wide and 1.0 m high wave flume. The initial water depth is

0.7 m. The flume is equipped with a single board pushepull

wave machine that can generate the wave height of

0.02e0.25 m and wave period of 0.5e5.0 s. Both the regular

and random waves with a wide range of spectrums can be

generated for the study purpose. Wave energy dissipation de-

vice is installed at the other end of the wave tank. The

experimental wave flume with the floating deck is shown in

Fig. 24. Laboratory measurements include the heaving,

swaying and rolling motions as well as the wave impact

pressure on key locations of the model. Experimental high-

quality videos are also processed to visualize the dynamic

process of wave interactions with the floating deck.

5.2. ISPH computational parameters

In the ISPH_BS computations, the regular wave experiment

is reproduced. Four different wave periods, which are 1.0 s,

1.2 s, 1.5 s and 2.0 s; and two different wave heights, which

are 0.05 m and 0.1 m, have been simulated and compared with

the experimental measurements. The length of the numerical

tank is 30 m and the initial depth of water is 0.7 m. The total

particle number is 210,000 and the initial particle spacing is

0.01 m. The computational time step is 0.001 s and the total

simulation time is 40 s. The simulations are performed on a

workstation using an Intel Core i7-7700 K Processor (8 M

Cache, 4.2 GHz, 8.0 GT/s) and 32G RAM under a WIN 7 (64-

Bit Edition) operating system.

5.3. Results and discussions

By ISPH_BS computation, the particle snapshots and the

motion of the floating deck during the green water attack are

shown in Fig. 25(aed) within one wave period. The numerical

results are based on the wave height H ¼ 0.1 m and wave

period T ¼ 1.0 s. It shows that both the wave surface de-

formations and float movement have been well captured by the

ISPH_BS computations. When the wave approaches to the

float, it orientates to the offshore direction as shown in

Fig. 25(a); when the severe wave impact occurs, it tilts to the

onshore direction as shown in Fig. 25(c). The returning flow

from the deck to the sea is also well reproduced by the nu-

merical simulations as shown in Fig. 25(d).

To quantify the accuracy of ISPH_BS model in predicting

the wave impact pressures and the float motion, Figs. 26 and

27(a) and (b) provide the time history of the wave impact

pressures inside the deck and on the waterline for the two

different wave conditions (H ¼ 0.05 m and t ¼ 1.0 s, repre-

senting a smaller amplitude linear wave; H ¼ 0.1 m and

t ¼ 1.0 s, representing a larger amplitude nonlinear wave),

respectively. Besides, Fig. 28 provides the time history of the

heaving motion of the floating deck. It can be seen that the

Table 4

Basic parameters of the physical model.

Parameters Symbols Values

Length L 0.7 m

Width B 0.5 m

Waterline T 0.25 m

Displacement of water D 89.25 kg

Initial stability height GM 0.06834 m

High center of gravity Zg 0.13171 m

Rolling period Tr 1.20 s

Heaving period Th 1.15 s

Moment of inertia I 4.5717 kg m2

Fig. 23. (a) Schematic view of test model. (b) Pressure sensors on the model.
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Fig. 24. Experimental wave flume and the floating deck.
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Fig. 25. Particle snapshot and float movement during green water attack, compared between experimental photos (left) and ISPH computations (right) at time: (a)

t ¼ t0; (b) t ¼ t0 þ T/4; (c) t ¼ t0 þ T/2; and (d) t ¼ t0 þ 3T/4.
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ISPH computations reproduced all of these satisfactorily.

However, the heaving motion was overestimated for the

smaller wave height, although the larger wave height case has

been accurately predicted. As for the impact pressure, more

serious experimental fluctuations are found inside the deck

than the waterline region. This might be caused by the diffi-

culty in the laboratory measurement due to the existence of

airewater mixtures in this area. In comparison, the ISPH_BS

computations achieved very stable pressure patterns in both

situations, which could be attributed to the robustness of the

pressure solution scheme using SFDI on the solid boundary.

Compared with the smaller wave (H ¼ 0.05 m), the larger

wave (H ¼ 0.1 m) doubled the wave impact pressures on

inside the deck and the waterline. As a result, the heaving

amplitude of the floating deck increases by 20%.

To further examine the influence of wave conditions on the

impact pressure on the deck, Table 5 gives the maximum wave

impact pressure on the inside of deck and the waterline for

wave height H ¼ 0.1 m and different wave periods T ¼ 1.0,

1.2, 1.5 and 2.0 s. Both the experimental values and ISPH

results are shown for a comparison. Similar studies were also

carried out by assuming the deck structure being fixed and the

corresponding results are shown in Table 6. By comparing

Tables 5 and 6, we could see that the wave impact pressures

generally decrease following an increase in the wave period,

regardless of the deck being fixed or movable, or the location
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Fig. 26. Time history of impact pressure inside deck: (a) smaller amplitude wave; and (b) larger amplitude wave.
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Fig. 27. Time history of impact pressure on waterline: (a) smaller amplitude wave; and (b) larger amplitude wave.
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Fig. 28. Time history of heaving motion of the floating deck: (a) smaller amplitude wave; and (b) larger amplitude wave.
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of pressure being taken inside the deck or on the waterline.

Compared with the floating deck, the fixed deck greatly in-

creases the impact pressure at the inside deck for all the wave

conditions. However, on the waterline, the impact pressure of

the fixed deck seems to be smaller than that of the floating one

for the smaller wave period. Besides, the ISPH_BS compu-

tations are found to be very close to the experimental values

for all the cases in Tables 5 and 6. This indicates the proposed

model could provide a promising tool on the wave impact

pressure predictions with engineering interest.

6. Conclusions

The paper proposed an accurate pressure solution method

by applying the Simplified Finite Difference Interpolation

scheme on the solid boundary to solve the PPE. By using a

series of benchmark tests, it shows the improved numerical

performance. Further application of the model to a self-

designed laboratory experiment on the green water over-

topping of a ship deck shows the ISPH_BS model can accu-

rately reproduce the wave surface deformation, float motion as

well as the wave impact pressure on different areas of the

deck. The robustness of SFDI scheme coupled with the ISPH

solver (ISPH_BS) lies in its high-order numerical nature and

accurate treatment of the solid boundary, especially for the

complex boundary without the need to use the mirror particles.

This can effectively avoid the local mirroring inaccuracies

when the solid boundary is in curved shape or the particle

distributions are highly disordered. The proposed scheme can

be easily extended to 3D and applicable to other projection-

based particle methods such as the MPS.

However, we need to realise that the formulation adopted

for the pressure gradient should be consistent both in the

momentum balance and PPE for the comparison to be made on

a fair basis. In the proposed ISPH_TS and ISPH_BS, the

pressure gradients are computed by the SFDI in both cases,

and also the inner fluid particles are involved in the PPE as

well, but the difference lies in the treatment of solid boundary

conditions during the solution of PPE. Specifically speaking,

ISPH_TS uses the traditional ghost particles while ISPH_BS

uses the high accuracy of SFDI near the solid boundary. Our

major focus of this research is to explore the treatment of solid

boundary in PPE to see how this influences the pressure pre-

diction accuracy. Therefore, we did not fully address the

inconsistency of pressure gradient used in the momentum

balance and PPE, which should constitute a very promising

future research direction.
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